
Balanced homodyne detectors and Casimir energy densities

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2008 J. Phys. A: Math. Theor. 41 164037

(http://iopscience.iop.org/1751-8121/41/16/164037)

Download details:

IP Address: 171.66.16.148

The article was downloaded on 03/06/2010 at 06:45

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/41/16
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 41 (2008) 164037 (8pp) doi:10.1088/1751-8113/41/16/164037

Balanced homodyne detectors and Casimir energy
densities

P Marecki

ITP, Universitaet Leipzig, Postfach 100 920, D-04009 Leipzig, Germany

E-mail: pmarecki@gmail.com

Received 20 October 2007, in final form 13 March 2008
Published 9 April 2008
Online at stacks.iop.org/JPhysA/41/164037

Abstract
We recall and generalize the analysis of the output of the so-called balanced
homodyne detectors. The most important feature of these detectors is
their ability to quantify the vacuum fluctuations of the electric field, that is
expectation values of products of (quantum-) electric-field operators. More
precisely, the output of BHDs provides information on the one- and two-point
functions of arbitrary states of quantum fields. We compute the two-point
function and the associated spectral density for the ground state of the quantum
electric field in a Casimir geometry. Furthermore, we predict a position- and
frequency-dependent pattern of BHD responses if a device of this type was to be
placed between Casimir plates. This points to a potential new characterization
of ground states in Casimir geometries, which would not only complement the
current global methods (Casimir forces), but also improve understanding of
sub-vacuum energy densities present in some regions in these geometries.

PACS numbers: 04.62.+v, 12.20.−g, 42.50.Dv

1. Introduction

One of the most intriguing predictions of quantum-field theory is that expectation values
of classically positive quantities are not necessarily positive. The far-reaching implications
of this are clear in the case of energy densities of quantum fields. These densities are
classically positive but there might be regions in spacetime, where the expectation values of the
corresponding quantum operators are negative (sub-vacuum). While a number of surprising
results related to this phenomenon have been discovered1, attempts were also made to see
negative energy densities (related to vacuum fluctuations) in experiments. Devices capable
of detecting and quantifying the vacuum fluctuations were first proposed in the context of
quantum optics by Chen and Yuan [5], and are known as balanced homodyne detectors2.
1 See, for example, [1–4] and the references therein.
2 See [6] for a modern experimental realization of a BHD.
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With their help it was confirmed that squeezed states of light exhibit regions of sub-vacuum
electric-field fluctuations (see e.g. [7]).

Sub-vacuum fluctuations, i.e. expectation values of the square of the electric field, also
appear for ground states of quantum fields under the influence of static external conditions.
In this paper we ask the question, whether these interesting properties of ground states can be
detected experimentally. We analyze the response of a hypothetical BHD-type device placed
between Casimir plates, and derive a prediction for the expectation value of the variance of its
current. We show that this variance is related in a simple way to the spectral function of the
Casimir ground state, and therefore argue that a BHD-measurement would provide a detailed
characterization of this state, complementary to the currently available experimental results
restricted so far to global quantities such as Casimir forces [8].

2. A balanced homodyne detector under the influence of (static) external conditions

In this section we recall the general description of photodiodes and balanced homodyne
detectors appropriate in the case of quantum fields under the influence of static external
conditions. Subsequently, we exhibit a relation between the variance of BHD-output and the
so-called spectral densities which characterize two-point functions of ground states.

2.1. Photodiodes and BHDs

We model photodetection as a process in which a simple quantum system, e.g. an electron,
initially in a well-localized bound state gets excited to the continuum of scattering states. The
excitation is caused by the (dipole) interaction with the quantum electric field. Employing
the first-order time-dependent perturbation theory one arrives at the following expression for
the probability of excitation:

PD(g, x) =
∫ ∞

−∞
dτ dsg(τ )g(s)Gij (τ − s)〈Ei(τ, x)Ej (s, x)〉S , (1)

where Ei(τ, x) is the operator of the quantum electric field at the point x where the electron
was initially essentially localized, 〈· · ·〉S stands for the expectation value w.r.t. the initial state
of the quantum field, Gij (τ − s) is the electronic correlation function (depending only on
its initial and final states3) and g(τ) is a test function supposed to be equal to 1 during the
measurement and vanishing (smoothly) elsewhere.

A balanced homodyne detector consists of an arrangement of two photodiodes, whose
outputs are subtracted, illuminated with an auxiliary coherent state, F, of the radiation field
(see figure 1). The expectation value of the observable corresponding to the charge collected
at P is the difference of excitation probabilities of the photodiodes:

〈J 〉S = PD(g, x) − PD(g, y). (2)

The coherent state F, called the ‘local oscillator’, is used only as a tool to investigate
properties of a certain state S of the quantum radiation field. On a BHD the state S is
‘blended’ with F, which we describe as follows:

〈P [Ei(t, x)]〉(S,F ) = 〈P [Fi(t, x) + Ei(t, x)]〉S , (3)

where Fi(t, x) = 〈Ei(t, x)〉F denotes the electric field of the LO, and (S, F ) is the state
resulting from the ‘blending’. The symbol P stands for an arbitrary QFT-observable
(polynomial) constructed out of electric-field operators.

3 See complement AII of [9] or [10] for concrete expressions.
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Figure 1. BHD with a LO. Note, that the setup is arranged in such a way, that the electric field of
the LO at x has a reversed direction w.r.t. that at y.

Usually balanced homodyne detectors are described in terms of the quantum electric-field
operators in the vacuum representation. Here we shall employ the more general description
[10], which is applicable to the case of quantum fields under the influence of static external
conditions. The electric-field operator possesses the decomposition

Ei(t, x) =
∫

dν(pa)[e−iωptψi(p
a, x)b(pa) + eiωptψi(pa, x)b∗(pa)]. (4)

where the multi-index pa contains the parameters of electromagnetic waves supported by
the environment/medium (such as types of waves and their wave vectors), ψi(p

a, x) denotes
the electric field of the solution of the Maxwell equations with these parameters and dν(pa)

denotes the appropriate measure4. The frequency, ω(pa), is given by a known dispersion
relation. The functions ψi(p

a, x) are normalized in a way compatible with the relation
[b(pa), b∗(ka)] = δ(pa − ka).

The LO is an almost monochromatic wave packet which at the point x can be expanded
into

Fi(τ, x) =
∫

dω ki(ω)[e−iω(τ−t0) + eiω(τ−t0)], (5)

where the real vector-valued function of frequencies, ki(ω), is sharply concentrated around
ω = ωLO, called the frequency of the local oscillator. The parameter t0 allows for a shift of
the phase of the LO field.

The detector is arranged (balanced) in such a way that Fi(τ, x) = −Fi(τ, y) (see
figure 1). Under this condition it can be shown [10] that in the limit g → 1 (even under
the influence of external conditions) the leading contribution to the expectation value of the
BHD current is given by

〈J 〉(S,F ) = A(ωLO)〈E(t0, x)|k(ω) + E(t0, y)|k(ω)〉S , (6)

where

E(t0, x)|k(ω) =
∫

dν(pa)ki(ωp)[e−iωpt0ψi(p
a, x)b(pa) + eiωpt0ψi(pa, x)b∗(pa)], (7)

and the constant A(ωLO) is the only trace of the electronic correlation function Gij (τ − s). Note
that the balancing of the detector canceled the term scaling quadratically with the amplitude
of the LO field.
4 In vacuum, pa = (�p, α) where �p ∈ R

3 is the wave vector, α = 1, 2 denotes the transversal polarizations and
e−ic|�p|tψi (p

a, x) corresponds to the appropriately normalized plane waves.

3



J. Phys. A: Math. Theor. 41 (2008) 164037 P Marecki

If the expectation value of the electric-field operator (and thus the leading term of 〈J 〉(S,F ))
vanishes, then the variance of the BHD-output is 〈J 2〉(S,F ) and, as we shall see, provides a
characterization of the two-point function of the state S. For the leading term of this variance
we find [10]

〈J 2〉S = A2(ωLO)〈[E(t0, x)|k(ω) + E(t0, y)|k(ω)][E(t0, x)|k(ω) + E(t0, y)|k(ω)]〉S . (8)

This quantity scales quadratically with the amplitude and thus linearly with the power of
the local oscillator field; by performing measurements with different powers of the LO the
two-point functions can be quantitatively estimated.

2.2. Relation between the BHD output and spectral densities

Let us now specify S to be the ground state (denoted by G in the following) of the quantum
field under the influence of static external conditions. In this case, the one-point function
vanishes and the two-point function possesses the representation

〈Ei(t, x)Ei(τ, y)〉G =
∫

dν(pa) e−iωp(t−τ)ψi(p
a, x)ψj (pa, y). (9)

Let us introduce the spectral density which is defined as the Fourier transform of the two-point
function 〈Ei(t, x)Ei(0, y)〉G w.r.t. time t. We find

σij (ω, x, y) =
∫

dν(pa)δ(ωp − ω)ψi(p
a, x)ψj (pa, y). (10)

In the expression for the variance of the output of the BHD for G, equation (8), there appear
(time-independent) factors

R(x, y) ≡ 〈E(t0, x)|k(ω)E(t0, y)|k(ω)〉G, (11)

which simplify to

R(x, y) =
∫

dν(pa)ki(ωp)kj (ωp)ψi(p
a, x)ψj (pa, y). (12)

It can be easily seen that the function R(x, y) is just the spectral density smeared in frequency
by the product of amplitudes of the local oscillator, ki(ω)kj (ω):

R(x, y) =
∫

dω ki(ω)kj (ω)σij (ω, x, y). (13)

In this way, by exploring the freedom of choosing the locations of the photodiodes as well
as polarizations, phases and frequencies of the LO one can obtain a detailed characterization
of one- and two-point functions of any state S of the quantum electric field. This is of
fundamental importance for QFT under the influence of external conditions.

3. Spectral densities of ground states in Casimir geometries

Here we shall derive the spectral density for the quantum electric field between two parallel,
perfectly conducting plates (at x = 0 and x = a). The diagonal part of this density, σyy(ω, x, y)

can be found in the paper of Hacyan et al [11].
The ground-state two-point function, 〈Ei(x

a)Ej (x̃
a)〉G, can be computed (cf

equation (2.25c) of [11]) by differentiating the image sums

F∓(x, x̃) = − 1

4π2

∞∑
n=−∞

1

(x ∓ x̃ − nL)2 + (y − ỹ)2 + (z − z̃)2 − (t − t̃ )2
(14)
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where xa = (t, x, y, z) and L = 2a is twice the distance between the plates. Specifically, for
the y-components of the electric-field operators we have

〈Ey(x
a)Ey(x̃

a)〉G = (
∂2
x + ∂2

z

)
[F−(xa, x̃a) − F +(xa, x̃a)], (15)

where differentiations are performed w.r.t. xa only. Here, we will be interested in the spectral
density for xa = (s, x), x̃a = (0, y) with x = (x, 0, 0) and y = (x, y, 0), where x ∈ [0, a]
and y ∈ R. We find

〈Ey(x)Ey(y)〉G = 1

π2

n=∞∑
n=−∞

[
A2 + s2

(s2 − A2)3
− B2 + s2

(s2 − B2)3

]

+
2y2

π2

[
1

(s2 − B2)3
− 1

(s2 − A2)3

]
, (16)

where

A =
√

(nL)2 + y2, B =
√

(2x − nL)2 + y2. (17)

We now compute the spectral density by performing the Fourier transform and get

σyy(ω, x, y) = ω3

4π2

∑
n

{
[Q(ωA) − Q(ωB)] + y2

[
1

B2
W(ωB) − 1

A2
W(ωA)

]}
, (18)

with

Q(x) = sin x

x
+

cos x

x2
− sin x

x3
, W(x) = sin x

x
+

3 cos x

x2
− 3 sin x

x3
. (19)

This simplifies to

σyy(ω, x, x) = ω3

4π2

∑
n

[Q(ωnL) − Q(ω|2x − nL|)] (20)

for y = 0, and coincides with equation (2.30) of [11]. Note, that the n = 0 term of the A-sum
in equation (16) corresponds to the vacuum spectral density (i.e. to the situation without any
external conditions),

σ

yy(ω, x, y) = ω3

2π2

[
sin(ωy)

(ωy)3
− cos(ωy)

(ωy)2

]
, (21)

which is regular at y = 0, with σ

yy(ω, x, x) = ω3/6π2. For large distances between x and y

the vacuum spectral density falls as 1/y2. We present numerical evidence (see figure 2) for a
similar behavior in the case of the ground state in the Casimir geometry. The diagonal part
of spectral density σyy(ω, x, x), which can be computed from (20), and the possibility of its
experimental detection will be discussed in the following section.

4. Blueprint for the proposed experiment

Let us discuss the possibility of an experimental detection of the Casimir spectral density
with a BHD-type device. For plates separated by a = 1 µm, photodiodes of submicrometer
width (the x-direction) and submillimeter length (the y-direction) would need to be used5. As
shown in figure 3 a coherent state in the TE1 mode of the Casimir cavity with a very small
wavenumber p in the y direction would provide an appropriate local oscillator. The Hertz
potential of this mode is

m(xa) = sin(kz − ωt) cos(πx/a) cos(py) (22)

5 Photodiodes of this size have already been constructed, and their high-quantum-efficiency versions are under
development, see [12] and references therein.
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Figure 2. Left: the spectral density σG(ω, x, y) for x = (x, 0, 0), y = (x, y, 0) as a function of
x ∈ [0, a] and y ∈ [−50a, 50a]. Right: normalized spectral density σG(ω, x, y)/σG(ω, x, x) for
y ∈ [−50a, 50a] at x = 0.75a (symmetrically including 1000 terms of the n-sums). All distances
are in µm, the frequency is ω = 2πc/a and the plate separation a = 1 µm.

Figure 3. Experimental setup drawn on the plot of the Fy(x), the y-component of the electric field
of TE1 mode of the Casimir cavity. The mode, serving as the LO, propagates in the z-direction
perpendicular to the plot.

which gives the electric field Fy much larger (in amplitude) than Fx :

Fx = −1

c
∂t∂ym = −ωp

c
cos(kz − ωt) cos(πx/a) sin(py) (23)

Fy = 1

c
∂t∂xm = ωπ

ca
cos(kz − ωt) sin(πx/a) cos(py) (24)

and the dispersion relation ω2

c2 = π2

a2 + p2 + k2. A BHD with such a LO and the photodiodes
located as in figure 3 would by equations (6), (7) be sensitive only to the y-component of the
quantum electric field. The variance of the detector’s output, equation (8), contains four terms
each of which is related to the spectral density by equation (13). As argued in the previous
section the diagonal terms will be dominant if the photodiodes are separated by a sufficiently
large distance6. We expect the variance of the BHD-output to be

〈J 2〉S ≈ 2A2(ωLO)〈E(t0, x)|k(ω)E(t0, x)|k(ω)〉G, (25)

with the expectation value on the rhs essentially equal to σyy(ωLO, x, x). Figure 4 contains a
plot of this spectral density7 as a function of the distance from the plates x and the frequency
ω. For comparison with quantum-optical literature we have plotted the normalized difference

6 For instance, for y � 40a at ω = 2πc/a we observe |σG(ω, x, y)/σG(ω, x, x)| < 10%.
7 We note that for ω < πc/a the Casimir spectral density vanishes: σ(ω, x, x) = 0, while discontinuities in it appear
at ω = nπc/a.
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µ

µ

µ

Figure 4. Left: Casimir spectral density normalized by vacuum spectral density, [σyy(ω, x, x) −
σ


yy(ω, x, x)]/σ

yy(ω, x, x) as a function of the distance x ∈ [0, a]. Negative (sub-vacuum) values

are black. Right: suppression of vacuum fluctuations (see the text) in dB for x = 0.25a (solid)
and x = 0.5a (dashed). Frequency range is ω ∈ [0, 4πc/a]; a = 1 µm is assumed.

between vacuum and ground-state spectral density,
[
σyy(ω, x, x)−σ


yy(ω, x, x)
]/

σ

yy(ω, x, x),

and the ‘suppression of vacuum fluctuations’, 10 × log10[σ(ω, x, x)/σ
(ω, x, x)].

5. Discussion

A combination of arguments presented in this paper points to the possibility of experimental
detection of spectral densities associated with quantum fields under the influence of static
external conditions. These densities contain the essence of the surprising phenomena
associated with quantum fields in this regime, for instance by being related to negative (sub-
vacuum) energy densities.

By recalling the analysis of the response of balanced homodyne detectors [10] general
enough for our purposes, and computing the two-point functions and spectral densities for the
quantum electric field in the Casimir geometry we have estimated what a BHD-type device
would measure if placed between Casimir plates. A position- and frequency-dependent pattern
of BHD responses is predicted (figure 4). This pattern is static, i.e. independent of the LO
phase and in some regions corresponds to the suppression of vacuum fluctuations by at least
3 dB. Such a behavior is forbidden (by theorems known as quantum-energy inequalities
[1, 3]) for quantum fields without external conditions. We therefore point to a possible
test of yet unexplored generic quantum-field theoretical effects in Casimir geometries,
complementary to measurements of Casimir forces, and hope that experimental attempts
to verify predictions derived here will follow.
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